Abstract. We investigate the nilpotent blocks of positive defect of the quasisimple groups for odd primes. In particular, it is shown that every nilpotent block of a quasisimple group has abelian defect groups. A conjecture of Puig concerning the recognition of nilpotent blocks is also shown for these groups.
Introduction
Let G be a finite group and k an algebraically closed field of odd characteristic p. A block B of kG with defect group D is said to be nilpotent if for each Q e D and each block b Q of C G ðQÞ with Brauer correspondent B we have that N G ðQ; b Q Þ=C G ðQÞ is a p-group, where N G ðQ; b Q Þ is the stabilizer of b Q under conjugation in N G ðQÞ. In the case of the principal block B 0 , D is a Sylow p-subgroup of G and N G ðQ; b Q Þ ¼ N G ðQÞ for each Q e D, so that B 0 is nilpotent if and only if G is p-nilpotent (i.e., G has a normal p-complement). Note that every block of defect zero must be nilpotent, and the classification of blocks of defect zero for finite simple groups has been the subject of a separate program of research, culminating in [21] . Hence we give attention here only to blocks with non-central defect groups.
Explicit characterizations of nilpotent blocks are obtained for classical groups, and these are used to prove: Theorem 1.1. Let G be a finite quasisimple group and let B be a nilpotent p-block of G with p odd. Then B has abelian defect groups.
The second main result concerns the conjecture of Puig which states that a block B of G is nilpotent if and only if lðb Q Þ ¼ 1 for each p-subgroup Q and each block b Q of C G ðQÞ with Brauer correspondent B (where lðb Q Þ is the number of irreducible Brauer characters in b Q ). The necessary condition for nilpotency is well-known. The converse is known for blocks with abelian defect groups (see [30] ), and is also known to be a consequence of Alperin's weight conjecture (see [33] ). We prove: Theorem 1.2. Let G be a finite quasisimple group and let B be a p-block of G with p odd. Then B is nilpotent if and only if lðb Q Þ ¼ 1 for each p-subgroup Q and each block b Q of C G ðQÞ with ðb Q Þ G ¼ B.
The main part of the paper concerns the representation theory of finite groups of Lie type in non-defining characteristic, and makes use of the examination of subpairs of blocks of classical groups given in [17] . The exceptional groups of Lie type are then treated by examination of the centralizer of an element of the centre of a defect group, and the results for the classical groups applied.
In Section 2 we review the basic notation regarding blocks, give some general results concerning nilpotent blocks, particularly with regard to block domination, and also prove some technical lemmas which will be useful later on. In Section 3 we consider the alternating groups and their covering groups. Here we have able to give a rather complete description of the nilpotent blocks. The covering groups of the sporadic simple groups are treated in Section 4. We give some basic notation used for the classical groups in Section 5. In Section 6 we give a treatment of the general linear and unitary groups, where again we are able to give a full characterization of the nilpotent blocks. In Section 7 we state the set of properties which are central to the study of the nilpotent blocks of the groups of Lie type. These are rather technical conditions, none of which can be satisfied by a nilpotent block with non-abelian defect groups, which amongst other things allow us to use inductive arguments when studying the exceptional groups. That these conditions hold for the classical groups is the content of Section 8, and for the exceptional groups is the content of Section 9.
Notation and general results
Let G be a finite group and p a prime. Although the classification concerns only blocks with respect to a field of characteristic p, we use methods from ordinary character theory, for example canonical characters, and so must use a p-modular system. Let O be a local discrete valuation ring, complete with respect to the p-adic valuation, with field of fractions K of characteristic zero and algebraically closed residue field k ¼ O=JðOÞ of characteristic p. We assume that O contains a primitive jGjth root of unity. Write BlkðGÞ for the set of blocks of OG and denote by B 0 ðGÞ the principal block of G.
is the unique irreducible character in b Q with Q in its kernel. This will be a valuable tool when comparing subpairs of a group with those of a normal subgroup.
A useful, and well-known, result is the following: In general, we cannot say very much about the relationship between nilpotency of blocks and nilpotency of covered blocks, and this is a main reason behind the di‰culty of the classification of nilpotent blocks of groups of Lie type.
However, we do have the following lemma by [24] , Proposition 6.5.
Lemma 2.2. Let N be a normal subgroup of a finite group G such that G=N is a p-group. Suppose that B is a block of G and that b A BlkðNÞ is covered by B. Then B is nilpotent if and only if b is nilpotent.
We note that the analogous result does not hold if G=N is not a p-group. There are many examples of non-nilpotent blocks covering nilpotent blocks, but there are also examples of nilpotent blocks covering non-nilpotent blocks, such as the following (which came to light during a conversation with Radha Kessar): Recall that for N p G, a block B of G is said to dominate the block B of G=N if the inflation to G of an irreducible character in B lies in B.
The following lemma follows by [33] , Lemma 2. Let Z be a central p 0 -subgroup of a finite group G, and write H ¼ HZ=Z, where H e G. Let B A BlkðGÞ. There is a unique block B A BlkðGÞ dominating B. By [25] , Theorem 5.8.8, IrrðBÞ ¼ IrrðBÞ and if D is a defect group of B, then DZ=Z G D is a defect group of B.
If Q is a p-subgroup of G, then C G ðQÞ ¼ C G ðQÞ=Z (since Z is a central p 0 -subgroup). Let ðQ; b Q Þ be a B-subgroup. Then Q ¼ QZ=Z for a unique p-subgroup Q of G. Since C G ðQÞ ¼ C G ðQÞ=Z, we may consider the unique subpair ðQ; b Q Þ with b Q dominating b Q , which we call the Brauer pair dominating ðQ; b Q Þ.
We show that ðQ; b Q Þ must be a B-subgroup, and that dominance of subpairs respects the usual partial order on B-subgroups: Suppose ðQ; b Q Þ p ðP; b P Þ, so that Q p P. Since Q ¼ QZ=Z and P ¼ PZ=Z for p-subgroups Q, P of G and since Q is the only Sylow p-subgroup of QZ, it follows that Q p P. Since PZ ¼ P Â Z and b Q is P-invariant, it follows that for any y A P, b y Q is a block of C G ðQÞ dominating b Q , so that by the uniqueness, b y Q ¼ b Q and b Q is P-invariant. Now
so that Br P ðb Q Þb P 3 0 and Br P ðb Q Þb P ¼ b P . It follows that ðQ; b Q Þ p ðP; b P Þ. Using induction we have that ðQ; b Q Þ e ðP; b P Þ if ðQ; b Q Þ e ðP; b P Þ.
Suppose B is not nilpotent, so that there is some B-subgroup ðQ; b Q Þ such that N G ðQ; b Q Þ=C G ðQÞQ is not a p-group. Thus N G ðQ; b Q Þ=C G ðQÞQ is not a p-group and B is not nilpotent. When considering groups of Lie type, we will often examine the centralisers of p-elements, which may be written as central products of groups. By a central product
For w i A IrrðG i Þ such that w 1 and w 2 both cover the same irreducible character of Z, we may define w 1 w 2 A IrrðG 1 G 2 Þ so that w 1 w 2 A IrrðG 1 Â G 2 Þ is the inflation of w 1 w 2 . We refer to w 1 w 2 as the central product of w 1 and w 2 .
We will need the following technical lemma in certain cases in relation to Property 7.1 (a).
Lemma 2.7. For i ¼ 1; 2, let G i be a finite group, G 1 G 2 a central product of G 1 and G 2 over Z e ZðG 1 Þ X ZðG 2 Þ and N i a normal subgroup of G i such that G i =N i is abelian, and let N :¼ N 1 Â N 2 e G e G 1 G 2 such that p i ðGÞ ¼ G i =Z, where p i : ðG 1 G 2 Þ ! G i =Z is the canonical projection. Let y i A IrrðN i Þ such that y 2 has an extensionỹ y 2 to G 2 , and let y ¼ y 1 Â y 2 and j A IrrðG j yÞ.
(i) There exist c 1 A IrrðG 1 Þ and l A IrrðG 2 =N 2 Þ covering the same irreducible character of Z, such that the restriction À c 1 ðỹ y 2 lÞ Á j G of c 1 ðỹ y 2 lÞ is equal to j. Moreover, if c A IrrðG 1 G 2 j jÞ, then cj G ¼ j.
(ii) If further Z X N 2 ¼ 1, then l in (i) may be chosen with ZN 2 =N 2 in its kernel, so that it may be regarded as a character of G 2 =N 2 Z.
(iii) Suppose that Z X N 2 ¼ 1. If we have y A AutðG 1 G 2 Þ such that y centralizes G 1 , stabilizes G, G 2 andỹ y 2 , and g y 2 A g 2 N 2 Z for any g 2 A G 2 , then y stabilizes j.
Proof. (i)
We first claim that we may suppose Z e G. For since Z e ZðG 1 G 2 Þ, we have that GZ is a central product over G X Z. Now jj GXZ ¼ jð1Þa for some a A IrrðG X ZÞ. Since Z is abelian, there existsã a A IrrðZÞ extending a. Thenj j ¼ jã a is an extension of j covering y. If c 1 A IrrðG 1 Þ and l A IrrðG 2 =N 2 Þ such that c 1 and l cover the same irreducible character of Z and ðc 1 ỹ y 2 lÞj GZ ¼j j, then ðc 1 ỹ y 2 lÞj G ¼ j, and similarly for the final statement, proving the claim.
Similarly, ðN 1 Â N 2 ÞZ ¼ ðN 1 ZÞ ðN 2 ZÞ and j covers an irreducible character x A Irr À ðN 1 ZÞ ðN 2 ZÞ j y Á with x ¼ x 1 x 2 for some x i A IrrðN i Z j y i Þ covering the same irreducible character of Z. Note thatỹ y 2 j N 2 Z is also an extension of y 2 to N 2 Z. By Gallagher's theorem, ðỹ y 2 j N 2 Z Þb 2 ¼ x 2 for some b 2 A IrrðN 2 Z=N 2 Þ. Since G 2 =N 2 is abelian, it follows that b 2 can be viewed as the restriction of a character b A IrrðG 2 =N 2 Þ, so x 2 ¼ ðỹ y 2 bÞj N 2 Z . Writex x 2 ¼ỹ y 2 b, sox x 2 is an extension of x 2 to G 2 .
Let M 1 be a subgroup of G 1 such that x 1 has an extensionx x 1 to M 1 and M 1 is maximal with this property, that is, either M 1 ¼ G 1 or x 1 has no extension to H 1 for any M 1 < H 1 e G 1 . Since G 1 =ðN 1 ZÞ is abelian, it follows that the inertia subgroup
Since x i has an extensionx x i to M i , it follows that g i ¼x x i l i for some l i A IrrðM i =N i ZÞ, so that gj M is an extension of x to M. Note that M e I G ðxÞ and j also covers an extension of x to M. Replacing g i by g i a i for some a i A IrrðM i =N i ZÞ if necessary, we may suppose j A IrrðG j gj M Þ.
Since g 1 j N 1 Z ¼ x 1 and G 2 stabilizesx x 2 (and G 1 =N 1 Z is abelian), it follows that
Since M and M 1 G 2 are both normal in G 1 G 2 and M e M 1 G 2 , it follows that
Hence the Mackey decomposition gives us
Since zð1Þ ¼ jð1Þ ¼ ½G : Mgð1Þ, it follows that zj G ¼ j. (iii) Since y centralizes the factor group G 2 =ZN 2 , it follows that y stabilizes l, so doesỹ y 2 l. But y centralizes G 1 , so y stabilizes c 1 ðỹ y 2 lÞ and hence y stabilizes j. r
The alternating groups
To handle the case p ¼ 3 we will need the following. The first lemma will be used in determining non-faithful nilpotent blocks of the double covers of alternating groups. Recall that a partition is self-associate if its Young diagram is symmetric.
Lemma 3.1. Let n be a positive integer. There is a self-associate 3-core partition l ' n if and only if there is a positive integer m such that n ¼ 3m 2 þ 2m or n ¼ 3m 2 À 2m.
Proof. We claim that the self-associate 3-cores, i.e., those Young diagrams which are symmetric about the leading diagonal and have no 3-hooks, are those which arise from partitions of the form This may be seen directly from methodical construction of the possible Young diagrams. However, we give a formal proof here using [19] . For a fixed t, Garson, Kim and Stanton give a bijection f between the set of t-cores and
defined as follows. We of course only need to consider the case t ¼ 3. Let l be a 3-core. We take the 3-residue diagram, i.e., in the ði; jÞth cell of the Young diagram we put the residue of j À i modulo 3 (see [23] , p. 84). We also include the 0th column (with infinitely many entries), calling this the extended 3-residue diagram. Divide this into regions labelled by the integers as follows: the ði; jÞth cell lies in the region r if 3ðr À 1Þ e j À i < 3r. Say that a cell is exposed if it lies at the end of a row. Define n i to be the maximal r such that an exposed cell with value i lies in the region r (the inclusion of the 0th row ensures the existence of such an r).
It is verified in [19] that f does indeed give a bijection. It is also shown that l is selfassociate if and only if fðlÞ ¼ ðn 0 ; n 1 ; n 2 Þ ¼ ðÀn 2 ; Àn 1 ; Àn 0 Þ, i.e., if fðlÞ ¼ ðm; 0; ÀmÞ for some m A Z.
Suppose first that m > 0. Then the end cell on the first row is labelled 0, so the first row has length l 1 ¼ 3ðm À 1Þ þ 1 ¼ 3m À 2. Since regions 0 and Àm lie below the leading diagonal, the end cells lying above the diagonal are all labelled 0. Since l is a 3-core, the di¤erence between adjacent row lengths is at most 2, hence the row lengths decrease in steps of two until the mth row (which has end cell on the leading diagonal). Since l is self adjoint, this determines the whole Young diagram and we are done in this case.
Suppose that m e 0. Then the end cell of the first row is labelled 2, so the first row has length l 1 ¼ 3m, and by a similar argument to the above the di¤erence between adjacent row lengths is 2 until the ðm þ 1Þth row (which has end cell below the leading diagonal). Again this determines l, and we are done. r
We now consider the analogue of the above lemma which will be used for faithful blocks. We write l 1 n for a bar partition of n (i.e., a partition with distinct parts). Recall that a bar partition l 1 n is odd or even according as n À r is odd or even, where r is the number of parts in the partition. We refer to [26] for definitions of bars and p-cores. Proof. Determining the 3-core partitions is a little more straightforward than determining 3-core partitions, and the reader can easily verify that the 3-core bar partitions are precisely those of the form Proof. The properties ofÂ A n used here are described in [20] , 5.2. We consider A A n eŜ S n , the double cover of the symmetric group. Write Z ¼ ZðŜ S n Þ and X ¼ XZ=Z whenever X eŜ S n . For convenience of notation we writeŜ S n ¼ S n andÂ A n ¼ A n . Since we are taking p odd, for every p-subgroup Q eŜ S n we have C S n ðQÞ ¼ CŜ S n ðQÞ and N S n ðQÞ ¼ NŜ S n ðQÞ. Suppose that B is a nilpotent p-block ofÂ A n with non-trivial defect group D. Choose y A D of order p. Then yZ is a product of say t disjoint p-cycles, fixing the other n À pt points. Then C S n ðyZÞ G ðZ p o S t Þ Â S nÀpt , and so CÂ A n ðyÞ contains a normal elementary abelian p-group R such that R is generated by t disjoint p-cycles. Now R is contained in a conjugate of D, and so in particular D contains an element x for which xZ is a p-cycle. Write Q ¼ hxi. We have C A n ðQÞ G Q Â A nÀp . By [20] The p-blocks of CÂ A n ðQÞ are in 1-1 correspondence with the p-blocks ofÂ A nÀp and the action of NÂ A n ðQÞ on these blocks is determined by the action ofŜ S nÀp on the blocks ofÂ A nÀp . Hence for each block b Q of CÂ A n ðQÞ we have ½NÂ A n ðQ; b Q Þ : CÂ A n ðQÞ ¼ ðp À 1Þ=2 or p À 1. If p > 3, then this shows that NÂ A n ðQ; b Q Þ=CÂ A n ðQÞ is not a p-group, contradicting our choice of B nilpotent. Now suppose that p ¼ 3. We first show that D is generated by a 3-cycle. Suppose that D is not cyclic. Then D contains an elementary abelian subgroup of order 9, and in particular contains distinct elements x and y for which xZ and yZ is the product of s and t disjoint 3-cycles respectively (briefly, consider the centralizer of gh, for which ghZ is the product of all the disjoint 3-cycles in gZ and hZ. This has an elementary abelian subgroup contained in a conjugate of D and containing elements whose images in S n are all the 3-cycles making up ghZ). Then C S n ðxZÞ G ðZ p o S s Þ Â S nÀps and C S n ðyZÞ G ðZ p o S t Þ Â S nÀpt :
Hence D contains elements g and h for which gZ and hZ are each a 3-cycle and these 3-cycles are disjoint. Write R ¼ hg; hi e D. We have C S n ðRÞ G R Â S nÀ6 and C A n ðRÞ G R Â A nÀ6 :
Now ½NŜ S n ðRÞ : CŜ S n ðRÞ ¼ 8, and arguing as above we see that ½NÂ A n ðR; b R Þ : CÂ A n ðRÞ is even for every block b R of CÂ A n ðRÞ, a contradiction.
Hence D is cyclic. Suppose that jDj > 3. Then D possesses an element y of order 9. By an argument similar to above we may assume yZ is a 9-cycle. But then y 3 Z is a product of three distinct 3-cycles, which as we have seen cannot happen.
Hence D has order three and is generated by an element x where xZ is a single 3-cycle. We have CÂ A n ðDÞ G D ÂÂ A nÀ3 . The blocks of CÂ A n ðDÞ with defect group D are in 1-1 correspondence with the blocks of defect zero ofÂ A nÀ3 , and the action of NÂ A n ðDÞ on these blocks is given by the action ofŜ S nÀ3 on the blocks of defect zero ofÂ A nÀ3 . Hence the nilpotent blocks ofÂ A n with defect group D are in 1-1 correspondence with orbits of length two of blocks of defect zero ofÂ A nÀ3 under the action ofŜ S nÀ3 . Now blocks of defect zero ofÂ A nÀ3 are covered by blocks of defect zero ofŜ S nÀ3 . We consider faithful and non-faithful blocks separately. Note that B is faithful if and only if the B-subpairs have kernel intersecting trivially with Z (i.e., if and only if they correspond to faithful blocks ofÂ A nÀ3 ).
Suppose that B is non-faithful. Blocks of defect zero correspond to 3-core partitions of n À 3. By [23] Suppose that B is faithful. Blocks of defect zero correspond to 3-core bar partitions of n À 3. By [27] , p. 212, faithful irreducible characters ofŜ S nÀ3 remain irreducible when restricted toÂ A nÀ3 if and only if the corresponding bar partition is odd. Hence ½NÂ A n ðD; b D Þ : CÂ A n ðDÞ ¼ 1 if and only if the block of defect zero ofÂ A nÀ3 corresponding to b D is labelled by an even 3-core bar partition, and so the result follows in this case from Lemma 3.2. r
We have not yet considered all the perfect central extensions of A 6 and A 7 . However, by the above theorem, neither yields a nilpotent 3-block with non-central defect group, and further it is easy to check that there are no nilpotent blocks of positive defect for the other odd primes.
It is appropriate here to extend our study to the double covers of the symmetric groups. We now turn our attention to Puig's conjecture.
Lemma 3.5. Let G ¼Ŝ S n be the double cover of S n , and let B be a block of G with defect group D. If jDj > p 2 , then lðBÞ f 3.
Proof. Suppose first that B is a non-faithful block. As above, Proof. If B has abelian defect group D, then this is [30] . So we may assume jDj > p 2 . Suppose G p H, where H GŜ S n , and let B H A BlkðHÞ covering B. Then B H has defect group D, and by Lemma 3.5, lðB H Þ f 3. But lðBÞ f lðB H Þ=2 > 1, so B is not nilpotent, and of course we can take the B-subgroup ð1; BÞ to show the proposed equivalent condition is also not satisfied.
It remains to consider the exceptional covers, but in these cases it is easy to check that every block with non-central defect groups has more than one irreducible Brauer character. r
Sporadic groups
In this section we determine the nilpotent blocks with non-central defect groups of quasisimple groups G where G=ZðGÞ is one of the 26 sporadic simple groups. Note that due to Lemma 2.4 it su‰ces to consider the case ZðGÞ is a p 0 -group.
In order to provide a reasonably unified treatment of the classification of nilpotent blocks of the sporadic groups, we work from [20] , Table 5 .3. However, in all cases the number of irreducible Brauer characters in the blocks are known, which would lead to a shorter but less illuminating proof. To avoid an overly long proof we do use these results in showing that Puig's conjecture holds.
We use [20] , Table 5 .3, and apply the following simple results to demonstrate the nonexistence of such blocks in many cases: (i) There is no p-regular g A N G ðQÞ À C G ðQÞ which fixes every block of C G ðQÞ.
(ii) There is no p-regular g A N G ðRÞ À C G ðRÞ which fixes every block of C G ðRÞ.
Proof. Note that R is contained in every defect group of every block of C G ðQÞ. Hence R e D. The result then follows from the definition of a nilpotent block. r Lemma 4.2. Let Q be a p-subgroup of G. If jN G ðQÞ=C G ðQÞj is prime to p and, for every n, is strictly greater than the number of p-blocks of C G ðQÞ of dimension n (or is greater than or equal to n in the case n is the dimension of the principal block of C G ðQÞ), then Q cannot be a subgroup of a defect group of a nilpotent block of G.
Proof. In this case every p-block of C G ðQÞ must be fixed by a p-regular element of N G ðQÞ À C G ðQÞ, and we apply Lemma 4.1. r Throughout our notation for the conjugacy classes of G follows that of [20] . 
Applying Lemma 4.2 with Q ¼ D to these cases eliminates all but the case p ¼ 3 and Proof. We only need to consider the case p 2 divides jGj.
Suppose that D is a non-central defect group of a nilpotent p-block B. We assume that Z is a p 0 -group. Choose x A D of order p, and write Q ¼ hxi. In each case N G ðQÞ is given by [20] , Table 5 .3, and C G ðQÞ may be deduced using [14] .
We eliminate each possibility for the conjugacy class containing x in turn using a succession of methods until we are left with the three cases listed. For each of these we then verify the existence of a nilpotent block with defect group Q.
Suppose that N G ðQÞ G H 1 Â H 2 and C G ðQÞ G Q Â H 2 for some H 1 , H 2 such that Q p H 1 , and H 1 =Q not a p-group. Then every p-block of C G ðQÞ is fixed by N G ðQÞ and N G ðQÞ=C G ðQÞ is not a p-group, so B cannot be nilpotent. In this way we eliminate the following pairs ðG; CÞ, where C is the conjugacy class in G containing xZ: ðM 11 
. We have already seen that a nilpotent 3-block of G cannot contain elements of order three outside of 3D. Note that x is conjugate to x À1 (to see this consider the orders of the centralizers). Irreducible characters in such a block must vanish on 3A, 3B and 3C. This happens for only one irreducible character, and this lies in a block of defect zero. Note that we have shown in particular that whenever p divides the Schur multiplier of a sporadic simple group, there is no nilpotent block of positive defect of the quotient group (by the Sylow p-subgroup of the centre). r
We conclude: Proposition 4.6. Let G be a quasisimple group such that G=ZðGÞ is a sporadic simple group and let p be an odd prime. If B is a nilpotent block of G, then B has defect groups of order at most three.
We now address Puig's conjecture. Proposition 4.7. Let G be a quasisimple group such that G=ZðGÞ is a sporadic simple group and let p be an odd prime. Let B be a p-block of G. If B has positive defect, then lðBÞ > 1. In particular, B is nilpotent if and only if lðb Q Þ ¼ 1 for every B-subgroup ðQ; b Q Þ.
Proof. We may assume that ZðGÞ is a p 0 -group. Let D be a defect group of B. If D is cyclic, then the result follows from the theory of blocks with cyclic defect groups. In the following table we list all the numbers of irreducible Brauer characters in blocks with noncyclic defect groups, along with a reference. A '*' will be used to denote a faithful block in a group with non-trivial centre. The result then follows from examination of the table.
If G ¼ Ly and p ¼ 3, then by [14] G has thirty 3-regular conjugacy classes. By [31] , aside from the principal block, G has five 3-blocks of defect zero and two 3-blocks of defect one. Since we have shown that neither of these blocks of defect one is nilpotent, it follows G=ZðGÞ jDj lðBÞ reference If G ¼ Th and p ¼ 3, then by [14] , G has sixteen 3-regular conjugacy classes. By [32] , G has four 3-blocks of defect zero and one 3-block of defect one (which we have seen cannot be nilpotent, so has two irreducible Brauer characters. Hence the principal 3-block possesses ten irreducible Brauer characters. A similar computation for p ¼ 5 shows that the principal 5-block of Th has 30 irreducible Brauer characters (and this is the unique 5-block with non-cyclic defect groups). For p ¼ 7, by [32] , G has fourteen blocks of defect zero, a block of defect one (with six irreducible Brauer characters, by consideration of the inertial quotient) and the principal block, which must then have 24 irreducible Brauer characters.
If G=ZðGÞ ¼ Fi 
Notation for classical groups and their blocks
Let V be a linear, unitary, non-degenerate orthogonal or symplectic space over the field F q , where q ¼ r a for some prime r 3 p. We will follow the notation of [3] , [11] , [16] and [17] .
If V is orthogonal (and q is odd), then there is a choice of equivalence classes of quadratic forms. Write hðV Þ for the type of V as defined in [17] 
If V is non-degenerate orthogonal or symplectic, then denote by I ðV Þ the group of isometries on V and let
If V is a 2n-dimensional non-degenerate orthogonal or symplectic space, then denote by J 0 ðV Þ the conformal isometries of V with square determinant. If V is orthogonal of dimensional at least two, then write D 0 ðV Þ for the special Cli¤ord group of V (cf. [17] ).
Denote by GL þ ðV Þ the general linear group GLðV Þ and GL À ðV Þ the unitary group UðV Þ.
for the set of polynomials (with coe‰-cients in F q ) serving as elementary divisors for semisimple elements of G (cf. [3] , p. 6). For G A F q ðGÞ, let d G be the degree of G, and d G be the reduced degree defined as in [3] , [16] and [17] .
Otherwise e G is given by [3] , p. 6. Let e G be the multiplicative order of e G q d G modulo p. Thus we may write
Given a semisimple element s A G, there is a unique orthogonal decomposition
sðGÞ, where the V G ðsÞ are nondegenerate subspaces of V and
has minimal polynomial G. This is called the primary decomposition of s. Write m G ðsÞ for the multiplicity of G in sðGÞ. We have
Blocks of linear and unitary groups
Suppose G ¼ GL h n ðqÞ ¼ GL h ðV Þ and p is odd and distinct to r, and let B be a p-block of G with a defect group D and label ðs; kÞ. Then we may write
For convenience we denote GL h ðV Þ by GðV Þ and SL h ðV Þ by SðV Þ.
qÞ and suppose p is odd with p F q. Then the following are equivalent:
(a) B is a nilpotent block of G.
(c) k G is an e G -core of m G ðsÞ whenever e F d G , and m G ðsÞ e 1 whenever e j d G , where k G ¼ j is viewed as an e G -core of 0 ¼ m G ðsÞ. 
In particular, if B is nilpotent, then D is abelian.
So D is a direct product of wreath product p-groups. 
where e ¼ e X À1 and
and we may suppose s A C G ðRÞ, where G G :¼ GðV G Þ and SðmÞ is the symmetric group on m letters.
There is an element 
where Since e G and p are coprime, it follows that t is a p 0 -element, e G ¼ 1 and
Thus D and C G ðDÞ are abelian, and [11] , Theorem 3.2, ðD; b D Þ is labelled by ðD; s; kÞ. Follow the notation of (d). By [16] , p. 135, y 0 is an irreducible character of G 0 labelled by ðs 0 ; kÞ and the block b þ of C þ containing y þ is labelled by ðs þ ; ÀÞ, where À is the product of the empty
and y þ is labelled by ðs þ ; wÞ for some irreducible unipotent character of
For integers c and m, we write p c k m when p c j m and p cþ1 F m.
Remark 6.2. In the notation of the proof above, we may suppose the element t A C G þ ðs þ Þ has determinant 1 whenever e G f 2 for some G.
Proof. We may suppose q ¼ q d G , so that e G ¼ e. Let T be the diagonal maximal torus of G ¼ GLðF n V Þ, s the Frobenius map of G such that C G ðsÞ ¼ GL e ðe; qÞ, where F is the algebraic closure of F q .
Choose matrices P ij (with i 3 j) of G such that P ij acts on T as the permutation swapping the ði; iÞ and ð j; jÞ entries of T, the entries of P ij are 1 or À1, detðP ij Þ ¼ 1 and P ij is fixed by s. If W is generated by the matrices P ij , then N G ðTÞ ¼ TW and W T=T G SðeÞ.
so that o 0 acts on T as the cycle ð1; 2; . . . ; eÞ. Now C
A set of technical conditions
In order to investigate nilpotent blocks of exceptional groups of Lie type it is not su‰cient just to find the nilpotent blocks of classical groups. We need in addition some somewhat technical properties which we will identify in classical groups and their extensions by diagonal automorphisms which relate to nilpotency (in particular, they will be used to examine centralizers of elements of defect groups of nilpotent blocks).
These properties also ensure that Puig's conjecture holds for the groups under consideration.
We state these properties in this section, along with some general results which will be needed in proving that they hold for classical groups.
Let G be a finite group, Q a p-subgroup of G, and B A BlkðGÞ. If p is odd, we denote by AðQÞ the subgroup of Q generated by all the abelian normal subgroups of Q. Recall that a B-subgroup ðR; b R Þ is called self-centralizing if ZðRÞ is a defect group of b R A Blk À C G ðRÞ Á .
We will prove for some finite groups of Lie type that one of (a)-(d) of the following holds. A feature of these properties is that none can be satisfied by a nilpotent block with non-abelian defect groups. (a * ) Property (a) above holds, and there exist subgroups N i p M i of H, and characters (ii) Note that in the notation of the proof of Theorem 6.1, ðR; b R Þ is self-centralizing.
We also observe that there is some redundancy in (a) when (a * ) holds: Remark 7.3. In the notation of Property 7.1 (a) and (a * ) suppose
such that y normalizes E and suppose j A IrrðE j y 1 Â y 2 Þ. Then j y ¼ j.
Proof. Since j has an extensionj j to EZ 0 , it follows that we may suppose Z 0 e E. Let p i : ðM 1 M 2 Þ ! M i =Z 0 be the canonical projection and let E i =Z 0 ¼ p i ðEÞ for some E i e M i . Then
Let z be the y-stable extension of y 2 to M 2 , and setỹ y 2 ¼ zj E 2 . Thenỹ y 2 is an extension of y 2 to E 2 which is stabilized by y. Since ½y; x ¼ 1 or N 2 Z 0 according as x A M 1 or x A M 2 , it follows that y centralizes E 1 and ½y; x A N 2 Z 0 for any x A E 2 . By Lemma 2.7, j y ¼ j. We prove a lemma which will be useful in establishing the given properties. Let H be a finite group, K p H, Z e ZðHÞ X K and K :¼ K=Z e H :¼ H=Z. Let B A BlkðKÞ and B A BlkðKÞ dominating B, and ðQ; b Q Þ a B-subgroup. Let g : H ! H be the natural homomorphism, and write X ¼ gðX Þ for any X L H.
If Z is a p 0 -group, then ðQ; b Q Þ is defined in Section 2 and it is a B-subgroup. Suppose Z is a p-group. Then g Let f be the unique block of Z covered by B. Then each character w in IrrðBÞ covers a character in Irrð f Þ. Since IrrðBÞ L IrrðBÞ, it follows that f is the principal block. Since ðP; gÞ is a B-subgroup and Z e ZðKÞ and since B covers f , it follows that g covers f , and similarly, b covers f . The same applies to B H and to B H -subgroups.
Since C K ðPZÞ ¼ C K ðPÞ, it follows that we may suppose O p ðZÞ e P. Let y A N C K ðPÞ ðRÞ such that y 4 ¼ 1, ½y; x B ZðKÞ for some x A R, y 2 A C K ðRÞ, and suppose where M 1 M 2 is the central product over Z 0 ¼ gðZ 0 Þ.
Since Z e ZðKÞ e N 1 Â N 2 and y is the canonical character of b, it follows that y is the lift of the canonical character y of b. Similarly, since y covers y 1 Â y 2 , it follows that Z e kerðy 1 Â y 2 Þ and y 1 Â y 2 is the lift of y 1 Â y 2 for some y i A IrrðN i Þ. In particular,
, then by Lemma 2.7, j ¼ c ðỹ y 2 lÞ for some c A IrrðM 1 j y 1 Þ and l A IrrðM 2 =Z 0 N 2 Þ. Since ½y; x A N 2 Z 0 for all x A M 2 , it follows that l y ¼ l and soỹ y 2 l is y-invariant. But Z e kerðjÞ, so Z X M 2 e kerðỹ y 2 lÞ, andỹ y 2 l can be viewed as a character of IrrðM 2 Þ, which is a y-invariant extension of y 2 to M 2 . Thus Property 7.1 (a * ) holds for B. Since g H covers g, it follows that the canonical character y H of g H covers the canonical character y of g. But y H is the lift of the canonical character of g H and y is the lift of the canonical character of g, so g H covers g. Similarly, b H covers b. This proves that Property 7.1 (a) holds for ðP; gÞ e ðR; bÞ. r
Classical groups
Suppose p is odd. In this section we demonstrate that every nilpotent block of a classical group has abelian defect groups. Proof. Suppose B G is labelled by ðs; kÞ. Since B H covers B, it follows that DðBÞ ¼ DðB H Þ X K for some defect group DðB H Þ. There exists a defect group DðB G Þ such that DðB H Þ ¼ DðB G Þ X H, so
We may suppose
Then R G and C G ðR G Þ are given by (6.4) with R replaced by R G .
In the notation of the proof of Theorem 6.1, suppose each w G e ðp À 1Þ. Then DðB G Þ is abelian, and both DðBÞ and DðB H Þ are abelian. Thus Property 7.1 (d) holds. So we suppose that w D f p for some D. There exists y A C G ðsÞ X K such that
be defined by (6.5), so that P G e R G and we may suppose y A C G ðP G Þ X K. Let P :¼ P G X K and P H ¼ P G X H. Since w D f p, it follows that jW 1 ðP G Þj f p pÀ1 , and P is cyclic if and only if p ¼ 3, 
so h ¼ e. Since 3 j ðq À hÞ and 1
, it follows that e D ¼ 1 and the claim holds. Since p is odd, it follows that
If l is an eigenvalue of u in some algebraic closure of F q 2 and m X Àl ðuÞ is the multiplicity, then cl is also an eigenvalue of u with the same multiplicity. In particular, m X À1 ðuÞ ¼ m X Àc ðuÞ. It follows that if we choose u A R such that m X À1 ðuÞ 3 m X Àc ðuÞ for any c A F
, it follows that x A C G ðRÞ and so C G ðRÞ=Z ¼ C G=Z ðR=ZÞ for any Z e ZðGÞ, except when p ¼ 3 ¼ w D , a D ¼ 0 and 3 k ðq e À eÞ, in which case DðBÞ ¼ 3 1þ2 þ . If 3 Fðq À hÞ, then e ¼ 2 and as shown above R ¼ R G , in which case we still have x A C G ðRÞ. If 3 j ðq À hÞ, then 3 k ðq À hÞ, P G Z 3 and C G ðPÞ 3 C G ðP G Þ, which is discussed above.
Similarly, C G ðPÞ=Z ¼ C G=Z ðP=ZÞ for any Z e ZðGÞ when C G ðPÞ ¼ C G ðP G Þ (note in this case that for any u A P, we have m X Àl ðuÞ f 2 for some eigenvalue l). 
where bð0Þ is a block of G 0 labelled by ðs 0 ; kÞ with defect 0, and bðGÞ ¼ E p À K G ; ðt G Þ Á with t G the restriction of s to K G . Note that if U G is the underlying space of K G and view t G as an element of GðU G Þ, then we have m G ðt G Þ ¼ e G . Thus for any generator x G A R G ,
is a Coxeter torus of both K G and GðU G Þ, and R G ¼ O p ðT G Þ is a defect group of bðGÞ. In particular, R G is a defect group of b G . We may suppose DðbÞ ¼ Dðb G Þ X C K ðRÞ and Dðb H Þ ¼ Dðb G Þ X H, so that DðbÞ ¼ R and Dðb H Þ ¼ R H .
Since ðP; g G Þ e ðR; b G Þ and Dðb G Þ e C G ðPÞ, it follows that 
there exists an element x G A K G which permutes all the irreducible constituents of the restriction yðGÞj
Let y 0 and y þ be irreducible constituents of yj K 0 and yj C K þ ðR þ Þ , respectively. Then y A Irr À C K ðRÞ j y 0 Â y þ Á and y G covers y 0 Â y þ . But yðþÞj C K þ ðR þ Þ is irreducible, so y þ ¼ yðþÞj C K þ ðR þ Þ and y þ has an extension yðþÞ to C G þ ðR þ Þ. Applying Lemma 2.7 to 
Let z A D be a primitive element. Then z A ZðDÞ with jzj ¼ p (cf. [17] , p. 176). Thus 
C G and let U G be the underlying vector space of C G , so that 
(1) Since jG : Kj ¼ 2, it follows that D ¼ DðB K Þ and D ¼ DðB H Þ X G for some DðB H Þ. In the notation above we have
By [15] , Lemma 4.1, there exists a B-subgroup ðz; B L Þ such that B L covers B z . Thus ðz; B L Þ is a major subsection of B.
Let R :¼ AðDÞ, so that z A R and
where
is a regular subgroup of G and we may suppose s A C G ðRÞ.
It follows by [15] , Lemma 4.1, that there exists a B z -subgroup ðR; bÞ such that b covers B 0 Â b þ , so that ðR; bÞ is a B K -subgroup.
Suppose D is non-abelian, so that w D f p for some D. Let P :¼ D 0 Â P þ e R and ðP; gÞ e ðR; bÞ, where P þ :¼ PðD þ Þ is given by (6.5) . By Proposition 8.1, there exists
By the remark after Property 7.1, we may choose ðP; gÞ such that g is covering B 0 Â g þ , so
Let y G and y be canonical characters of b G and b, respectively. Then y G covers y, 
where e is the type of the underlying space of ðs þ Þ X G1 when m X À1 ðs þ Þ þ m X þ1 ðs þ Þ ¼ 2. Then either Property 7.1 (a * ) holds for some B K -subgroups ðP; gÞ e ðR; bÞ or Property 7.1 (d) holds, where P is some subgroup of R.
We may suppose D ¼ DZ=Z e K c . Thus D is of defect type in K c , where a p-subgroup Q of K c is of defect type if Q is a Sylow p-subgroup of a centralizer C K c ðtÞ of a semisimple p 0 -element t. So D is of defect type of G, and D has a primary element z A ZðDÞ (see [17] , Section 5). Thus we have the corresponding decompositions 1) and (8.2) . Since K is universal, it follows by [20] , Theorem 4.2.2, and [17] , (2E), that
where T C is an abelian r 0 -group inducing inner-diagonal automorphisms on SL e ðm; q e Þ and L 1 . Here for simplicity, we identify z with its preimage (with the same order) in K. Since p is odd and
(1) For t A T C write t ¼ t 1 t 2 such that ½t 1 ; t 2 ¼ 1 and
Let B J A BlkðJÞ be a weakly regular cover of B z , ðP; gÞ e ðR; bÞ be B zsubgroups such that g covers g L and b covers b L , and ðP; g J Þ e ðR; b J Þ be B J -subgroups such that g J covers g and b J covers b, so that g J covers g L and b J covers b L .
then g J 2 covers g 2 and b J 2 covers b 2 and by Proposition 8.1 and its proof (1),
where y J i and y i are canonical characters of b J i and b i , respectively. Thus Dðg J Þ ¼ Dðb J Þ is abelian. But P e R e Dðg J Þ and Dðg J Þ is abelian, so
which is also abelian. In addition, as shown in the proof (1) of Proposition 8.1, y J 2 has an extension to C L þ ðR 2 Þ.
Let y J and y be canonical characters of b J and b, respectively, so that
we have that y J j C K ðRÞ ¼ y, so y y ¼ y and b y ¼ b.
(2) If q is even, then the outer-diagonal group of K is trivial, so we may suppose q is odd. Let ðP; g H Þ e ðR; b H Þ be B H -subgroups such that g H covers g and b H covers b. Then b H is a block of C H ðRÞ and R ¼ Dðb H Þ X C K ðRÞ for some Dðb H Þ. Since H induces inner-diagonal automorphisms and since the outer-diagonal group of K is a 2-group, it follows that Dðb H Þ e RZðHÞ and Dðb H Þ ¼ RO p À ZðHÞ Á is abelian. Similarly,
Now z A K e D 0 ðV Þ, so by [17] , (2E),
To show that b y H ¼ b H we may suppose
so that H=KZðHÞ is a 2-group. Let t A C H ðzÞnC K ðzÞ, so that t 4 A C K ðzÞZðHÞ. In the notation of [20] , Table 4 .5.2, t induces an element of C Ã :¼ C InndiagðKÞ À zZðKÞ Á (note here C Ã is not the dual group of C). But C Ã =C Ã is a p-group, so t induces an element of C Ã and hence t A C K ðzÞZðHÞ. Thus
It follows that
where x þ induces an outer-diagonal automorphism of order dividing gcdðm; q À eÞ on L 2 .
As shown in the proof (1) of Proposition 8.1, y 2 has an extensionỹ y 2 to C H 2 ðR 2 Þ=Z such thatỹ y Suppose B 2 satisfies Property 7.1 (d), so that DðB 2 Þ is abelian. Thus D þ and so DðBÞ are abelian. Since DðBÞ ¼ DðB H Þ X K for some DðB H Þ, it follows that DðB H Þ e KZðHÞ and DðB H Þ ¼ DðBÞO p À ZðHÞ Á which is abelian. r Theorem 8.6. Let K be a finite quasi-simple group of classical type over a field F q and B A BlkðKÞ, and let K p H such that H=K is abelian, C H ðKÞ e ZðHÞ, H induces inner-diagonal automorphisms on K and B H A BlkðHÞ covering B. If p j q, then either DðBÞ ¼ DðB H Þ is cyclic or lðBÞ f 2. Suppose p F q and p is odd. Then one of Properties 7.1 (a * ), (b), (c) and (d) holds. In addition, if Property 7.1 (b) or (c) holds, then p ¼ 3, K ¼ SL h ð3d; qÞ=Z for some Z e Z À SL h ð3d; qÞ Á with gcdð6; dÞ ¼ 1 and 3 k ðq À hÞ.
Proof. We will follow the notation of [20] . In particular, K u denotes the universal group with the same type as K
ðqÞ such that H ¼Ĥ H=Z.
If K ¼ C n ðqÞ, then we may takeK K ¼ Sp 2n ðqÞ ¼ SpðV Þ eĤ H e J 0 ðV Þ such that H ¼Ĥ H=Z.
ðqÞ with q odd, so that ZðK u Þ ¼ f1; z; z s ; z c g and If Property 7.1 (a * ) holds forB B, then there existB B-subgroups ðP P;ĝ gÞ e ðR R;b bÞ satisfying Property 7.1 (a * ). By Lemma 7.6, Property 7.1 (a * ) holds for some B-subgroups ðP; gÞ e ðR; bÞ. and we may suppose DðBÞ e DðB BÞZ=Z.
and (c) holds. If Z is a 3 0 -group, then DðBÞ ¼ DðB BÞ and (b) holds.
If Property 7.1 (d) holds forB B, then DðB BÞ and DðB B H Þ are both abelian. Since Z e ZðĤ HÞ XK K, it follows that DðBÞ ¼ DðB BÞZ=Z and DðB H Þ ¼ DðB B H ÞZ=Z, and so DðBÞ and DðB H Þ are both abelian. r
Exceptional groups
Suppose p is odd. We will follow the notation of [20] . In this section we demonstrate that every nilpotent block of an exceptional group of Lie type has abelian defect groups. We first prove a simple lemma.
Lemma 9.1. Let J i be a finite group and P i a p-subgroup of J i such that
It is clear that C J ðPÞ=Z e C J=Z ðP=ZÞ. If xZ A C J=Z ðP=ZÞ for some x A J, then
, it follows that x A C J ðPÞ and hence C J=Z ðP=ZÞ ¼ C J ðPÞ=Z. r
The lemma will be applied to a central product
Theorem 9.2. Let K be a finite quasi-simple group of exceptional type over a field F q , let B A BlkðKÞ, and let K p H such that C H ðKÞ e ZðHÞ, H=K is cyclic, and H induces inner-diagonal automorphisms on K. Let B H A BlkðHÞ be a block covering B. Choose (as we may) defect groups DðBÞ and DðB H Þ of B and B H respectively such that DðBÞ ¼ DðB H Þ X K. If p j q, then either DðBÞ ¼ DðB H Þ is cyclic or lðBÞ f 2. If p F q and p is odd, then one of the Properties 7.1 (a), (b) and (d) holds.
Proof. If p j q, then a proof similar to that of Theorem 8.6 shows that either DðBÞ ¼ DðB H Þ is cyclic or lðBÞ f 2.
Suppose p F q. Let K u be the universal group, so that K ¼ K u =Z for some Z e ZðK u Þ. Since ZðK u Þ is cyclic of order 1, 2 or 3, it follows that H induces the trivial action on ZðK u Þ.
Before beginning the proof proper we introduce some notation. 
with each L i A LieðrÞ, and T is an abelian r 0 -group inducing inner-diagonal automorphisms on each L i . In general, it may be the case that z B O 
Each element t A T has the form t 1 t 2 Á Á Á t s t 0 , where t 0 centralizes L and t i induces an inner-diagonal automorphism on L i and ½L i ; t j ¼ 1 for i 3 j. Let
and Case 2. Suppose L is a direct product of L i 's, C J i ðL i Þ e ZðL i Þ for all i and some B j satisfies Property 7.1 (a * ). Without loss of generality, take j ¼ 1. In addition, suppose each L i is classical and universal (or L s ¼ ZðCÞ). Thus Since ðP 1 ; g 1 Þ e ðR 1 ; b 1 Þ satisfy Property 7.1 (a * ), it follows that there exists
1 Þ and ½y; x B ZðL 1 Þ for some x A R 1 . Moreover, there exist subgroups N i p M i of J 1 , and characters f i A IrrðN i Þ for i ¼ 1; 2 such that M i =N i is abelian,
has a y-stable extensionf f 2 to M 2 and ½y; x ¼ 1 or in ZN 2 according as x A M 1 or M 2 , where Z e ZðM 1 Þ X ZðM 2 Þ such that M 1 M 2 is the central product over Z. 
which is impossible. Thus ½y; x B ZðCÞ for some x A R and Property 7.1 (a * ) holds for ðP; g z Þ e ðR; b z Þ (with H :¼ K). Thus Dðb e Þ A Syl 3 À C G e ðtÞ Á for some semisimple 3 0 -element t. In particular, Dðb e Þ is either abelian with jDðb e Þj f 9 and Dðb e Þ K L e or Dðb e Þ ¼ Z 3 o Z 3 . In the former case,
2 Þ, and x ¼ x 1 x 2 such that each x i induces outer-diagonal automorphisms of order 3 on L i . Let J i ¼ hL i ; x i i and B J 2 A BlkðJ 2 Þ covering B 2 . Let R 1 ¼ R e e J 1 , P 1 ¼ P e e R 1 and P 2 ¼ R 2 ¼ AðB J 2 Þ, so that by the remark of Case 3.1.2 above, C J i ðP i Þ=Z ¼ C J i =Z ðP i =ZÞ and C J i ðR i Þ=Z ¼ C J i =Z ðR i =ZÞ for any Z e ZðL i Þ. By Lemmas 9.1 and 7.6, we may suppose 
By Case 2, B satisfies Property 7.1 (a * ).
Case 3.2.2. Suppose p ¼ 3, so that C is given by [20] , Table 4 .7.3A. Thus either l ¼ 1 or l ¼ 2 with C given by Table 2 . In addition, each L i is also universal for 1 e i e l and C J i ðL i Þ e ZðL i Þ.
A proof similar to that of Case 3.2.1 shows that we may suppose (9.3) holds and by Case 2, B satisfies Property 7.1 (a * ). If some B i satisfies either Property 7.1 (b) or (c), then p ¼ 3 and C is given by Table 2 . A proof similar to that of Case 3.2.2 shows that Property 7.1 (a * ) holds for some B-subgroups ðP; gÞ e ðR; bÞ.
Suppose some B i satisfies Property 7.1 (a * ). Since z is parabolic or of equal-rank type and z induces an inner automorphism on K, it follows that each L i is classical. We first show that there exist B-subgroups ðP; gÞ e ðR; bÞ and y satisfying the Property 7.1 (a * ) with H :¼ K. Suppose C E ðzÞ ¼ hLT; xi for some x A EnK, so that x induces inner-diagonal automorphisms on each L i . Thus x ¼ x 1 x 2 Á Á Á x s x 0 . Replacing J i by hJ i ; x i i and T 0 by hT 0 ; x 0 i in the proof Case 2 with some obvious modifications, we have that (9.5) still holds. Thus Property 7.1 (a * ) holds for B-subgroups ðP; gÞ e ðR; bÞ (with H :¼ E). T ¼ hti e K with t induces 3 : 3 : 3 on L, and x A EnK induces 1 :
be a maximal torus, and S Â S 3 S e L. Since
is a maximal torus, it follows that A :¼ C E ðS Â S 3 SÞ is abelian such that A X K G Z 6 qÀe is a maximal torus of K and A=ðA X KÞ ¼ Z 3 . In particular, we may suppose t; x A A and C E ðzÞ ¼ LA with abelian A and L p C E ðzÞ. 
e L e and C E=Z ðzZÞ ¼ hL=Z; tZ; xZ; wZi, where t, x are given above and w A EnK permutes transitively the three components L e of L. The proof in this case is similar. Suppose h A E such that for all u A P, h À1 uh ¼ cu for some c A Z, so that hZ A C E=Z ðzZÞ. Since jW 1 ðPÞj f 3 4 and C J ðPÞ=Z ¼ C J=Z ðP=ZÞ, it follows that h A C E ðzÞ ¼ hL; x; ti and hence C E ðPÞ=Z ¼ C J=Z ðP=ZÞ. Similarly, C E ðRÞ=Z ¼ C E=Z ðR=ZÞ. Table 2 . A proof similar to that of Case 3.1.3 shows that Property 7.1 (a * ) holds for some B-subgroups ðP; gÞ e ðR; bÞ. Suppose ðP; g E Þ e ðR; b E Þ are B E -subgroups such that g E is covering g and b E is covering b. Then DðgÞ ¼ Dðg E Þ and DðbÞ ¼ Dðb E Þ for some Dðg E Þ and Dðb E Þ. But DðgÞ ¼ DðbÞ is abelian, so Dðg E Þ ¼ Dðb E Þ is abelian. A proof similar to that of Case 4.1 shows that (9.5) holds and so Property 7.1 (a * ) (with H ¼ E) holds for B-subgroups ðP; gÞ e ðR; bÞ.
Since E=K ¼ 2 and p is odd, it follows that DðB E Þ is abelian whenever DðBÞ is abelian.
Case 6. Suppose K :¼ E 8 ðqÞ. Either Property 7.1 (a) holds for some B-subgroups ðP; gÞ e ðR; bÞ or Property 7.1 (d) holds for B.
In this case ðz; B z Þ is a major subsection of B and either L i is classical, or L i is exceptional given in Cases 3, 4 or 5. If L i is classical, then apply Theorem 8.6. If L i is exceptional, then apply the results in Cases 3, 4 or 5. Thus if each DðB i Þ is abelian, then DðB J i Þ is abelian, and so D ¼ DðB z Þ ¼ DðB J Þ X C is abelian. Suppose DðB i Þ is non-abelian for some i, say i ¼ 1. If p f 7, then B 1 satisfies Property 7.1 (a * ), z is of parabolic type and the proof is similar to that of Case 3.2.1.
Suppose p ¼ 5, so that B 1 satisfies Property 7.1 (a * ) and C is given by [20] , Table  4 .7.3B. Thus l ¼ 1 or 2. If z is parabolic, then a proof similar to that of Case 3.2.1 shows that we may suppose (9.3) holds.
If z is equal-rank, then
so that L ¼ L 1 L 2 . Here e ¼ G1 such that q 1 e ðmod 5Þ. A proof similar to that of Case 3.1.3 shows that we may suppose L ¼ L 1 Â L 2 . By Case 2, B satisfies Property 7.1 (a * ).
Suppose p ¼ 3, so that C is given by [20] , Table 4 .7.3A, and l ¼ 1 or 2.
If some B i satisfies either Property 7.1 (b) or (c), then C is given by Since H e ¼ J 1 , it follows that P e P 2 e R e R 2 e J. Set P ¼ ðP e P 2 Þ X C; and R ¼ ðR e R 2 Þ X C:
Then P e R e D and P, R are abelian. Since ZðLÞ ¼ 3, it follows that b b 2 is a block C J ðR e R 2 Þ and g g 2 A Blk À C J ðP e P 2 Þ Á . Since J=C ¼ 3, it follows that b b 2 covers a unique block b R of C C ðRÞ and similarly, g g 2 covers a unique block g P of C C ðPÞ. Since B J is the unique block covering B z , it follows that ðP; b P Þ e ðR; b R Þ are B z -subgroups. Since H e =L e ¼ 3, it follows that y A L e ¼ L 1 . Now B satisfies Property 7.1 (a) (not (a * )) for B-subgroups ðP; b P Þ e ðR; b R Þ (with H ¼ K). r Lemma 9.3. Let G be a quasisimple group such that G=ZðGÞ is alternating or of Lie type and G is an exceptional cover. Let p be an odd prime. Then every p-block of G with nonabelian defect groups has a subpair with at least two irreducible Brauer characters. [18] to confirm all but the cases F 4 ð2Þ for p ¼ 3, and 2 E 6 ð2Þ for p ¼ 3; 5; 7 (noting that the three double covers of O þ 8 ð2Þ have the same block structuresee [14] ), as in each case the block itself has at least two irreducible Brauer characters. The result holds for F 4 ð2Þ for p ¼ 3 by [22] . Note that 2 E 6 ð2Þ has abelian Sylow 5-and 7-subgroups, so we are left with p ¼ 3 and G=ZðGÞ G 2 E 6 ð2Þ. In this case we do not know the Brauer characters of G, so we are forced into a slightly involved argument to make use of the current literature. Note that it su‰ces to consider the case jZðGÞj ¼ 4. Our group G has three conjugacy classes of elements of order three, 3A, 3B and 3C. For each such x A G, we have C G ðxÞ=ZðGÞ G C G=ZðGÞ À xZðGÞ Á . Consider a block B covering the block c of ZðGÞ containing the irreducible character l, say. We may assume that c is faithful. By examination of the character table in [14] , only two irreducible characters lying over l vanish on 3A, 3B but not on 3C (w 184 and w 202 in the notation of [14] ). Since a 3-block of positive defect must possess at least three irreducible characters, it follows by a theorem of Green that B must have a defect group D containing elements of 3A or 3B. Suppose x A ZðDÞ has order three. Write Q ¼ hxi. Note that DC G ðDÞ e C G ðQÞ, so there is a B-subgroup ðQ; b Q Þ with defect group D. If x A 3A, then C G=ZðGÞ À xZðGÞ Á G Q Â PSU 6 ð2Þ. We have seen that every block with nonabelian defect groups of a double cover of PSU 6 ð2Þ has at least two irreducible Brauer characters, so it follows that lðb Q Þ ¼ 1 if D is nonabelian. If x A 3B, then C G=ZðGÞ À xZðGÞ 
Puig's conjecture
We complete the proof of Puig's conjecture for quasisimple groups for odd primes, present some general results and deduce some corollaries. Since this set has order prime to the order of x, it follows that x must fix some such B i . Call it B R . Letting B P ¼ ðB R Þ C G ðPÞ , we are done. r
As an almost immediate corollary we have:
Corollary 10.3. Let G be a finite group such that there is N p G with ½G : N odd and G=N is a p-regular cyclic group, where N is quasisimple and p > 3 is a prime. Let B be a p-block of G. Then B is nilpotent if and only if lðb Q Þ ¼ 1 for every B-subgroup ðQ; b Q Þ.
Proof. Since the alternating and sporadic groups have outer automorphism groups of order at most two, it follows that it su‰ces to consider the groups of Lie type. Suppose first that N is not an exceptional covering group. Since p > 3, every block of N satisfies one of Property 7.1 (a) or (d), and the result follows by Lemma 10.2 and Corollary 7.5.
Suppose that N is an exceptional cover. Then the outer automorphism group is a 2-group except when N=ZðNÞ G PSL 3 ð4Þ, PSU 6 ð2Þ or 2 E 6 ð2Þ, in which case it has order three, and consists of diagonal automorphisms. In each case ZðNÞ is a Klein-four group. However, in each of these cases the non-inner automorphisms transitively permute the blocks whose kernel does not contain ZðNÞ, and the result follows in these cases too, since B is nilpotent if and only if b is, and B-subgroups ðQ; B Q Þ covering b-subgroups ðQ; b Q Þ satisfy lðB Q Þ ¼ lðb Q Þ. r
